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QUESTION 1:

Marks

h

(2) Find
(i) [ cosxdx
dx

J-xz—d,x+8

IN

(i)

dx

(iii) (2x-1)/2x~1

(b)

secxtanx+sec?x

Prove that  secx

secx+tanx

and hence show that [¥secx dx = In(vZ +1)

© Find values of 4, B and C so that
5 _ Ax+B c
(x2+4)(x+1) x%+4 x+1
(ii) H find I—de_
ii ence fin 1Dt D)



QUESTION 2: (Start a new page)

Marks

6

(a)

(b)

(c)

If z=1-1 find

() z (iiy |z| (i) arg z  (iv) arg iz (v) z® (insimplest form)

(i) Sketch the region where the inequalities
jz—-2|< lz—-2i] and |z—-1-2i] <1
hold simultaneously.

(ii) P is a point on the boundary of the region in part (i) above, and is
represented by the complex number z where argz = z.

Find the 2 possibilities for =z (in the form a-+ib).

A plane curve is defined by the equation
X2+ 2xy+y° =4
The curve has a horizontal tangent at the point P/X\Y).
By using implicit differentiation, or otherwise, show that X is the unique

solution to
X°4+ X4+ 4=0



QUESTION 3: (Start a new page)

Marks
2 (a) (i) Without using calculus, sketch the curve y = (x + 1)?(1 — x)
2 (ii)  On a separate diagram from above, but using the same scale on the axes, and also
without calculus, sketch the curve
yi=(x+1D*1-x
In your answer, pay close attention to the shape of the curve as y approaches zero.
6 (b) Sketch each of the following curves on separate axes for 0 < x < 2m
(iy y=sin’x (il) y = |sinx|
1
_ S . =
(i)  y =+Vsin‘x @iv) 3 e
_ Isinx] N = pSinx
V) y=—= (vi) y=e
(© The hypotenuse AC of a right-angled triangle ABC has a length of 2a units and
makes an angle of 8 with one of the shorter sides, as shown below.
Circles are drawn using the two shorter sides as diameters, intersecting at points B
and P. For this diagram, P is NOT on the side AC.
O and Q are the centres of the circles.
(i)  Redraw the diagram in your answer book. (No marks)
2 (ii)  Prove that the point P lies on AC (you may initially assume that it doesn’t)

3 (iii) Show that the length of PB is asin26



QUESTION 4: (Start a new page)

Marks
2 (@) Show that [ tan6d6 = 2In2
2 (b) (i) Prove that, for any complex numbers z; and z,
arg(z,2,) = argz, +targz,
3 (iiy  Hence, using the method of Mathematical Induction, prove that
argzy2y o oo Zy) T AIRZy TAEZy Tl +arg zp
(c) A cubic polynomial is given by P{(x) = x3+ax + b
where aand b are constants.
It is given that the polynomial equation P(x) = 0 has three roots, o, B, and y
1 (iy  Find the value of a+p+v
2 (ii) Showthat a?+ %+ y?=-2a
3 (iii) -3b

If the polynomial has a double root, show that this double root is %-

2 (iv) If the polynomial has 3 distinct roots, show that 4a® + 27h% < 0




QUESTION S§: (Start a new page)

Marks

5

(a)

(b)
(1)
(i1)
(ifi)

(c)

Given the hyperbola 16x* - 9y? = 144, find
(i) the length of the major axis
(ii) the eccentricity
(iii) the co-ordinates of the foci
(iv) the equations of the directrices

(v) the equations of the asymptotes

The parametric co-ordinates of a point P on the curve y? = x* are
x=t?and y=¢3

Show that the equation of the tangent to this curve at P is
t2=3tx +2y =0

Explain why there can be no more than 3 distinct tangents to y? = x3
drawn from any remote point (x4, y,). which is not on the curve.

Show that if the tangents to the curve at the points on it having parameters
t;, t, and t3 all pass through the remote point(xy, y1), then

t2+t2 4+t =6x,

The area under the curve y = x?2, above the x-axis and between the lines
x =1 and x = 2, is rotated through 2x radians about the line x = 2.

Using the method of cylindrical shells. show that the volume of the solid

. 1im . .
so formed is = cubic units.



QUESTION 6: (Start a new page)

Marks
(a)  Two circles touch internally at a point A and have a common tangent TAM as shown
below.
A tangent to the inner circle through a point P (which is not the centre of either circle)
meets the outer circle at B and C.
AB cuts the inner circle at Q.
(1) Redraw the diagram neatly onto your answer page (no marks).
5 (i) Giving all appropriate reasons, prove that AP bisects the angle BAC.

QUESTION 6 continues over the page.....)



QUESTION 6 continued........)

2

2
(b) Pracos®. bsin6) is any point on the ellipse % + %2; = |

Y Directrix

\R\

(V8%

1
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]
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1
i
I
i
i

The tangent at P cuts the major axis of the ellipse at T and the Directrix at R, while
N is the foot of the perpendicular from P to the x-axis.

O is the centre of the ellipse, while S and S° are the foci.

‘ ' . xcos@ sin®
3 (i) Show that the equation of the tangent at P is a . b =1

(Show all working)

2 (i)  Show that ON.OT = a?

5 (iii)y  Showing all steps carefully, prove that PR subtends a right angle at S.



QUESTION 7: (Start a new page)

Marks
. dx
3 (a) Using the substitution x = atanf, or otherwise, find f —_—
(a?+x2)2
(b) You are given the complex polynomial P(z) = z° -1
The roots of P(z) = 0 are 1, wy. wy, w3, wy which are in cyclic order around
the unit circle.
3 (iy  Prove the following:
(@) @ = @; and w,=a&;
B) wy+w,+w;+w, = —1
ir 4 1
(v) cos—+ cos—=—~
2 (i)  Using the sum of the products of the roots taken in pairs, or otherwise, show that
4c053§605%—n +1=90
1 (ii)  Deduce that (:032?” and COS%‘W are solutions to 4x2 +2x —1 =0
b k2
4 © Wy = frsecnods .

show that (n — 1)I,, — (n — 2,_, = (V2)* 2. for n>2

2 (i) Using part (i) above, evaluate  [#sec* 8d6



QUESTION 8: (Start a new page)

Marks

(a)
3 (i)
2 (i)
4 {iii)

In the right triangular prism ‘ {
shown, _ "

AB=DC= b units

AE=BE=DF=CF -

’\
M is the midpoint of AB /,_ £ 1‘{‘ ‘ )
25 A i
\r | :
o

EM = p units
BC=AD=EF= / units E

A “slice”™ UVXY of thickness A is taken a units above the base ABCD and parallel
to it.

Show that the volume of the rectangular slice is given by

A= (E—;—a) bhda

. . . . 1
Hence, show that the volume of the triangular prism is given by V = -2-pbh

The triangular prism above is fitted into a right circular cylinder. of base radius » units
and height / units, as shown below, where the points E and F are the centres of the
circular bases.

. . 2 . . .
Taking the angle AEB as = . verify that the volume of the cylinder is nr2h

n
(In your proof vou may use the result lim tanx = x )
AP

QUESTION 8 continues over....... g



QUESTION 8 continued. .......)

6 b) A particle P moves in the x,y-plane and its co-ordinates (x, y) satisfy the equations
d’x d%y
— 2 — 2 : i
— = —n‘x and —5 = —n“y ., where »is a constant
dt? dt? Y

d d
Initially (z=0). it is given that x =4, y =0, i— =0 and ;”t- ~ 3n

2

=

l

2
Show that, as 7 varies, x and y describe the ellipse + ‘% =]

1

o)

END OF EXAMINATION PAPER



STANDARD INTEGRALS

cosaxdx

sinaxdx

R
( sec”ax dx

o

(
secax tanaxdx

- dx
J a®+ x?
| 1
-dx
J V/az—x
-
- ! dx

f’-:_,,,..__-—l dx
v \;xz —%—az

a

1
= ——cosax, a#0
a

sinax,

= —tanax,
a

= —3

= In|

ecax,

X+ Vx

n#-1;

a#z0

a#0

a#(

S

+a"‘)

NOTE : Inx =log,x,

x#0,1fn<0

x>0
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